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Abstract 
A triangle incident with vertices of degrees a, b and c is said to be an (q&c)-triangle. 
We prove that every plane triangulation contains an (a,b,c)-triangle where (a, b,c) E {(3,4,c), 
4<c<35; (3,5,c),5~c~21;(3,6,c),6<c~20;(3,7,c),7~c~16; (3,8,c),8<c<14; (3,9,c), 
9<c<14; (3,1O,c),lO<c~13; (4,4,c),c>4; (4,5,c),5<c<13; (4,6,c),6<c<17; (4,7,c), 
7 <c <8; (5,5,c), 5 <c<7; (5,6,6)}. Moreover, we provide lower bounds for the maximum 
values c in all cases mentioned above. This result strengthens classical results by Lebesgue and 
Kotzig and a recent result by Borodin. 0 1999 Elsevier Science B.V. All rights reserved 
1. Introduction and statement of results 
By a k-connected plane map G we mean an embedding in the plane of a k-connected 
planar graph which has neither loops nor multiple edges. We use standard terminology 
and notation, see e.g. [ 111. We recall, however, more specialized notation. A vertex 
of degree a is called an a-vertex, the number of a-vertices in a map G is denoted 
by o,(G). An edge joining an u-vertex with a b-vertex is called an (a, b)-edge. A 
triangle [A,B,C] is defined to be an (a, b,c)-triangle provided that d(A)=u, d(B)= b 
and d(C) = c; d(Y) denotes the degree of the vertex Y. A plane map is called a 
triangulation if each of its faces is a triangle. For a set of plane maps 9, let n(P) 
(a(P)) denote the minimum integer 71 (CT) such that every map G E 9 contains an 
(u,b)-edge (an (u,b,c)-triangle) such that u+b<x (u+b+c<a, respectively). We put 
5(Y) = m, t E {n, a), ‘f f 1 or every integer k there is a map G in 9 for which t(P) > k. 
The main motivation for this paper is from three structural theorems for plane tri- 
angulations. 
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The first is a classical result by Lebesgue [I l] (see e.g. [12]), namely: 
Theorem 1 (Lebesgue [ll]). Each plane triangulation of order at least five con- 
tains an (a,b,c)-triangle where (a,b,c)E{(3,b,c), 4GbG6, cab; (3,7,c), 7~~~41; 
(3,&c), 8Gc624; (3,9,c), 96~617; (3,1O,c), lO<c$14; (3,1l,c), 116~~13; 
(4,4,c), ~24; (4,5,c), 56cd19; (4,6,c), 6GcGll; (4,7,c), 7<c<9; (5,5,c), 
56~69; (5,6,c), 6,<c<7}. 
To be able to formulate the second result let us denote, following Kotzig [lo], the set 
of all plane triangulations T by F and define the subsets .$ of F, i = 0, 1, . . . ,9, in the 
following way: & = F, fl = {T E F 1 Q(T) = 0 when k $0 (mod2)}, FZ = {T E F ) 
u~(T)=Owhenk~O(mod3)},~={TE~~uvi(T)=O},j=3,4,5or6,~~==~n~~, 
Fs = Fs n F5 and, finally, Fg = $4 fl Fs. 
In [lo] Kotzig announced the following 
Theorem 2 (Kotzig [lo]). (i) rc($j)= 13 and o(Fo)= 03. 
(ii) n(s)= 10 and a($)=oo. 
(iii) Z(S)= 12 and 0(%)=27. 
(iv) rc(Fs) = 11 and a(Y3) = cm. 
(v) n(FL)= 13 and 29<o(&)<39. 
(vi) n(Fs) = 13 and o(Fj) = cm. 
(vii) 7c(&)= 13 and o(ye)= m. 
(viii) n(F,) = 11 and a(F7) = 17. 
(ix) n(Fs) = 11 and a($*) = CQ 
(x) n(Fg)= 13 and 29<o(Fg)<31. 
The third one is a recent result by Borodin [4]: 
Theorem 3 (Borodin [4]). Each plane triangulation T without 4-vertices contains ei- 
ther a (3, b, c)-triangle with b + c 626 or an (a, b, c)-triangle with a + b + cd 17. 
Moreover, the bounds 26 and 17 are sharp. 
The aim of this paper is to prove a common strengthening all three above-mentioned 
theorems. Our main result is the following 
Theorem 4. Each planar triangulation of order at least five contains an (a, kc)- 
triangle, where 
(i) a=3, b=4, 4<c<35, or 
(ii) a=3, b=5, 5<c<21, or 
(iii) a=3, b=6, 6dc~20, or 
(iv) a=3, b=7, 76c<16, or 
(v) a=3, b=8, 8<c<14, or 
(vi) a=3, b=9, 9dc614, or 
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(vii) a=3, b=lO, 106~613, or 
(viii) a=4, b=4, ~24, or 
(ix) a=4, b=5, 56c<13, or 
(x) a=4, b=6, 6<c<17, or 
(xi) a=4, b=7, 76~68, or 
(xii) a=5, b=5, 5<c67, or 
(xiii) a=5, b=6, c=6. 
Moreover, let F(k) denote the upper bound on c in the above case (k), then C(i)330, 
C(ii) > 18, ?(iii) = 20, C(iv) > 7, C(v) = 14, C(vi) b 11, C(vii) > 12, C(viii) = co, C(ix) > 
10, C(x)>lO, C(xi)a7 and C(xii)=7. 
The following statement follows immediately from a result by Borodin [2]. We prove 
it by applying Theorem 4. 
Theorem 5 (Borodin [2]). Each 3-connected plane map contains 
(i) a (3,a)-edge where 39a610, or 
(ii) a (4, b)-edge where 46b<7, or 
(iii) a (5,c)-edge where 56cG6. 
Moreover, the bounds 10,7 and 6 are sharp. 
Theorem 6 (Kotzig [9]). Let 9 be the set of all 3-connected plane maps and let 
94 = {P E 9 1 Q(P) = 0). Then z(P) = 13 and n(3) = 11. 
2. Terminology and notation 
For a plane map G, let V(G), E(G) and F(G) denote the vertex set, the edge set 
and the face set of G, respectively. Let X be a subset of F(G). We define the vertices 
(respectively the edges) of X as those belonging to some face of X. An edge of X is 
inner if it belongs to two faces of X. The boundary of X is the subgraph induced by 
the set of non-inner edges of X. 
We say that X is face-connected if for every two faces a and a’ of X, there exist 
faces 010, ai,. . . , elk of X such that CI~=CY, ak=a’ and for all i, O<i<k - 1, ajnaj+l 
is an edge of X. 
By a block decomposition S? = (Ri ( i E J} of a plane map G we mean a family of 
submaps Ri of G, called blocks of 9, such that 
(i) each block Ri is a face-connected subset of F(G), 
(ii) the union of the blocks is the whole plane, 
(iii) the interiors of the blocks are pairwise disjoint. 
For the purposes of this paper a vertex A is called minor (major) if d(A)65 
(d(A) > 5, respectively). Let M(G) denote the subgraph induced by the minor vertices 
of G. A path Al ,Az, . . . , Ak of these k vertices is a (d, , dz, . . . , dk)-path if d(Ai) = di, 
1 di<k. 
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An (a, b, c)-triangle is defined to be 
?? of type To if a>6, b86, ~26, 
?? of type T, if a=3, b=4, ~236, 
?? oftype T, ifa=3, b=5, ~222, 
?? of type T3 if a=3, b>6, ~36, 
?? of type T4 if u=4, b=5, ~214, 
?? of type Ts if a=4, b>6, ~26, 
?? of type T6 if a=5, b=5, ~28, and 
?? oftype T7 ifa=5, ba6, ~26. 
Notice that these eight types of triangles are mutually disjoint and cover all the possi- 
bilities for triangles of G. 
In the sequel p+ will be denote an integer 2 p. Numbers at the vertices in figures 
will denote the degrees of those vertices. 
3. Proof of Theorem 4 - upper bounds 
Suppose Theorem 4 is false. Let G be a counterexample to Theorem 4. We shall 
investigate properties of G. 
Property 1. (i) No (3,3)-edge is present in G. 
(ii) No (3,4,3)-path is present in G. 
(iii) No 3-vertex has two minor neighbours. 
(iv) No (4,4)-edge is present in G. 
Proof. The existence of a (3,3)-edge or a (3,4,3)-path in G enforces a multiple edge 
in G. If a 3-vertex is neighbour to a b-vertex and a c-vertex, then there is a (3, b, c)- 
triangle, hence if 3 d b < 5,3 <c ss 5, this contradicts the propositions of Theorem 4. 
The presence of a (4,4)-edge in G contradicts the case (viii) of Theorem 4. 0 
Property 2. (i) Each component of the graph M(G), the subgraph induced by minor 
vertices of G, has maximum degree at most 2. 
(ii) Each component of M(G) contains at most two 3-vertices of G. Moreover, 
these vertices have, in M(G), degrees 0 or 1. 
(iii) Each interior edge of any component of M(G) is either a (4,5)-edge or a 
(5,5)-edge of G. 
(iv) Zf a component of M(G) is a cycle C,. on r vertices, then this cycle contains 
only (4,5)-edges and (5,5)-edges of G. 
Proof. (i) If the graph M(G) has a vertex of degree at least 3, then this (minor) vertex 
has two consecutive neighbours which are minors, hence the triangulation contains a 
triangle of minor vertices only, in contradiction with the proposition of Theorem 4. 
Property 1 (iii) immediately yields (ii). Properties (iii) and (iv) are consequences of (i) 
and (ii). 0 
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The main proof of this paper relies heavily on the basic observation, due to Kotzig 
[9], that if an odd valent (2k + 1 )-vertex has more than k minor neighbours, then there 
are two minor vertices which are neighbours, and there is a triangle consisting of the 
(2k + 1 )-vertex and two minor vertices. This idea is also used here in the following 
setting. 
Property 3. (i) Each l-vertex is incident with at least one triangle of the type TO. 
(ii) Each 11-vertex is incident with at least one triangle of the type To or at least 
three triangles of the types Te and TY. 
(iii) Each t-vertex, t = 15,17 or 21, is incident with at least one triangle of the 
type TO or at least three triangles of the types T4, Ts, T6 and T,. 
Proof. It follows from the fact that an a-vertex, a = 11,15,17 or 21, is incident with 
an even number of triangles of the type T3 and, in the case a = 7, it is incident with 
an even number of triangles of the type T,. 0 
Property 4. Each 22-vertex is incident with at most ten (3,6,22)-triangles. If there is 
ten (3,6,22)-triangles at a 22-vertex A then A is incident with a triangle of the type 
TO or with two (3,22,21+)-triangles which have a (3,22)-edge in common (Let 9 
be a conjiguration consisting of these two (3,22,21+)-triangles and a (3,21+,21+)- 
triangle which shares an edge with each these triangles.) 
Proof. Observe that each (3,6,22)-triangle at a 22-vertex is accompanied by a 
(3,22,21+)-triangle (they have a (3,22)-edge in common). Hence, at most 11 (3,6,22)- 
triangles can be at each 22-vertex. If a 22-vertex A is incident with 11 (3,6,22)- 
triangles, then 11 of its neighbours are 3-vertices and the other 11 are 6-vertices 
and (21+)-vertices, which must alternate, which is impossible. The rest is easy to 
check. 0 
We shall use 
Property 5. (i) G does not contain any (3,5,3)-path. 
(ii) G does not contain any (5,22,21+)-triangle. 
Proof. To prove (i), suppose there is a (3,5,3)-path in G, then there is a (5,22+, 21+)- 
triangle [A,& C] in a configuration enforced by this (3,5,3)-path. Putting inside 
[A,B, C] a new 3-vertex and joining it with the vertices A,B and C does not cre- 
ate faces from the list of our Theorem 4. On the other hand the 5-vertex of the 
(3,5,3)-path is changed into a new 6-vertex. In a finite number of steps G becomes a 
counterexample satisfying (i). The same argument works for (ii). 0 
With each component K of M(G) we associate the block B(K) of the map G 
which is created by all triangles of G incident with a vertex of K. We recall that 
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all vertices of K have degrees 6 5 in G. If a component of M(G) is a cycle C,, 
Y k 3, we call the associated block a B(C,)-block. If a component of M(G) is a 
(dl,dz, . . . ,d,_l, d,)-path we call the associated block a B,(dl, . . , ,d,)-block if 1 <r,<3 
and a B,(d 1, d*, d,_ 1, d,.)-block if Y B 4. By a &-block we mean a block consisting of 
a single (a, b,c)-triangle with ~26, b>6 and ~26. (Note that blocks &.(a, b,c,d) and 
B,(d, c, b, a) are considered to be of the same type). The following property can be 
easily checked. 
Property 6. G has a block-decomposition 9 = (Ri ( i E J) in which every block Ri 
is a Bo-block or a B(C,)-block for some r 83, or a BI (d)-block, 3 <d ~5, or a 
Bz(dl,dl)-block with (dl,dZ)E {(3,4), (3,5), (4,5), (5,5)} or a B3(dl,dz,d3)-block 
with (dl,d2,d3)E{(3,4,3), (3,4,5), (3,5,3), (3,5,4), (3,5,5), (4,5,4), (4,5,5), 
(5,4,5), (5,595)) or a B,.(dl,dZ,d,_l,d,)-block with r>4 and (dl,d2,dr_l,dr)E 
{(3,4,4,3), r#4, (3,4,4,5), rf4; (3,4,5,3), (3,4,5,4), (3,4,5,5), (3,5,4,5), (3,5,5,3), 
(3,5,5,4), (3,5,5,5), (4,5,4,5), (4,5,5,4), (4,5,5,5), (5,4,4,5), r # 4, (5,4,5,5), 
(5,5,5,5)}. 
Euler’s formula v - e+f = 2 for G, where v, e and f denotes the numbers of vertices, 
edges and faces of G, respectively, may be rewritten using the relations 






To get a contradiction we use the Discharging method in the rest of the proof. We at- 
tribute to each vertex A the charge c(A) = 2d(A) - 6 and we attribute to each face c1 
the charge c(a) = -3. These charges of the vertices and faces will be locally changed 
to charges of vertices, faces and blocks by the following rules of redistribution. First 
we apply the following Rule 1. 
Rule 1. Each k-vertex A transfers to each face CI incident with A the charge 
(i) (2k-6)/k ifk#7,11,15,17,21,22; 
(ii) 1 if k=7,11,15,17,21,22 and c1 is of the type TO; 
(iii) 5 if k =7 and a is not of the type TO; 
(iv) (2k - 7)/(k - 1) if k= 11,15,17 and 21 and a is of the type T3; 
(v) $ if k = 11 and c1 is of the type TS, T6 or T,; 
(vii) (5k - 15)/(3k - 3) if k= 15,17 and 21 and CI is of the type T,, Ts, T6 or T,; 
(viii) y if k = 22 and a is a (3,6,22)-triangle; 
(ix) z if k =22 and CI is of the type T2,T3, T4 or T6, a is not a (3,6,22)-triangle and 
it is not contained in the configuration 9; 
(x) : if k = 22 and c( is of the type T3 and is contained in the configuration 9 or 
u is of the type T5 or T7. 
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(Notice that the function (2k - 6)/k is increasing. In the sequel, we will exploit this 
fact.) Then Rule 2 follows 
Rule 2. Each triangle transfers all its charge to the block, R, in which it is 
contained. 
Let new charges of the vertices, faces and blocks of G be denoted by a function h. 
By Rule 2 h(a) = 0 for any CI EF(G). Hence, using (1) Property 6 and Rules 1, 2 we 
have 
C h(Y)= -12. 
YE Y(G)Ud 
(2) 
We are going to show that h(Y) 20 for every Y E V(G) U $23 which will trivially be a 
contradiction to (2). 
Consider the following cases. 
Case 1. Let A be a k-vertex, k>3. If k#7,11,15,17,21,22, then A has the charge 
If k = 7, then, by Property 3(i), 
h(A)&+4)-l-$6=2.7-6-1+6=0. 
If k = 11, then, by Property 3(ii), 
h(A)>2.11-6-l-10.$=0 
if A is incident with a face of the type To or 
h(A)>2.11-6-3.:-8.3=0 otherwise. 
If k = 15,17 or 21 then, by Property 3(iii), 
h(A)>2k-6- 1 -(k- 1$&7=0 
if A is incident with a triangle of the type T,-, or 
h(A)82k - 6 - 3. s - (k - 3). E = 0 otherwise. 
If k =22 then c(A)= 38 and the average charge that corresponds to one triangle in- 
cident with A is g = z. By Rule 1, A sends more charge than this average only to 
(3,6,22)-triangles, namely it sends a charge 2 = (2 + $ + &) to each (3,6,22)- 
triangle. Each (3,6,22)-triangle is always accompanied by a (3,22,21+)-triangle (they 
share a (3,22)-edge). This triangle receives a charge $ = ($ - $) from A. The exceed- 
ing e(A) of the charge, sent from A to t pairs of such triangles, is t. & < 10. & = $ 
(see Property 4). This exceeding is compensated (see Property 4 and Rule 1) by 
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Fig. 1 
the reserve r(A) obtained as the sum of reserves of each of the other 22 - 2t tri- 
angles at A. The reserve of a triangle a incident with A is the difference between 
{ and the charge transferred, by Rule 1, from A to a. If LX is a triangle of type T0 
incident with A then r(A) > (2 - 1) = $ > $ B e(A). If A is incident with a config- 
uration 9 or with two triangles of type Ts or T7 then r(A) > 2 . (# - i) = g 2 e(A). 
Observe that for t = 10 only the above two cases appear. If t < 8 then e(A) Q 8. & and 
r(A)a(22 - 2r).({ - $)26. & = A. Hence r(A)>e(A). 
If none of the previous cases appears then t = 9 and e(A) = 9. &. In this case A is 
incident with one triangle of type T5 or T7 and three others each of which is of type 
Tz, T3, T4 or T6 (each disjoint from any of 9 pairs consisting of a (3,6,22)-triangle and 
a(3,22,21+)-triangle).Nowr(A)=(~-t)+3.(~-~)=~+3.??j=~=e(A). So 
we have proved that h(A)20 when A is a 22-vertex. 
Case 2. Let R be a block of G. For a vertex A incident with a face c1 let g(A, a) be 
the charge transferred (by Rule 1) from the vertex A to the face tl. Then 
W = C 4~) + c g(A, a), (3) 
where the first sum is taken over all faces c1 of the block R and the second over all 
pairs (A, a) such that c1 is a face of the block R and A is a vertex incident with a. 
2.1. Let R=&, then (see Fig. l), h(&) = l~~(a)-tg(Al,a) + g(Az,cx) + g(As,a)= 
-3.1+ 3 . 12 0 because the triangle a is of type To and Aj, i = 1,2,3, is a major vertex. 
Hence g(Ai, ~1) > 1. 
2.2. Let R=B,(3). Then the block Bl(3) is as in Fig. 2(a). This block consists of 
three triangles 01~) ~12, ~13, all of them of type T3 and four vertices Ao,Al ,Az,AJ having 
degrees d(Ao) = 3, d(Al) = b, d(A2) = c+, d(A3) = c+. For the charge h(Bl(3)) of the 
block Bi (3) we have 
M(3)) = lc(u~) + C(Q) + 4~3) + dAo,a~) + dAo,a2) 
+dAo,a3)+ g(A1,al)+g(A1,a:!)+g(Az,az) 
+dA2. ~3 > + g(A3, ~3) + dA3, ~II 1. (4) 





For example, ifd(Ai)=6, d(Az)=21, d(As)=22, then h(Bi(3))=-3.3+0.3+1+ 
1 + g + g + 2 t z = 0. We will proceed analogously in all other cases below. (In 
order to simplify the explanation we will draw blocks and their parts as in Fig. 2(b), 
where the block Bi(3) is depicted.) 
If b # 7,11, the sum (4) is 
2b - 6 
/~(Bi(3))2-3.3+3.0+2.~ f4 
2c - 6 .-=3_;_24, 
C C 
where g(Ai,cc~) = (2b-6)/b=g(Ai,a2), g(&a2)=g(&,c(3)= (2c-6)/c and g(A3,a1) 
=g(Ax,cc3)=(2c - 6)/c when cf 15,17,21,22. In the case c= 1517 or 21 we replace 
(2c - 6)/c by the ratio (2c - 7)/(c - 1) because of Rule l(ii); if c = 22 we put 2. (2 + 
5)=2. i instead of 4.(2c - 6)/c. As (b,c)E {(6,21+),(8,15+),(9,15+),(10,14+), 
(12+, 12+)} it is easy to check that h(Bt(3)) is nonnegative. 
Ifb=7,theninthecasec#17,21,22wehaveh(B1(3))~-3.3+2.~+4.(2c-6)/ 
c>O, in the case c=17,21 we have h@,(3))>-3.3+2.2+4.(2c-7)/(c- l)aO 
andinthecasec=22wehaveh(B1(3))=-3.3f2.~+2.~+2.~=~>0. 
If b = 11 then, analogously, we have h(Br (3)) Z -3 .3 + 2. i + 4. (2c - 6)/c 20 if 
~~12,c#15,17,21,22,h(B~(3))~-3~3+2~~+4~(2c-7)/(c-1)~0ifc=11,15,17 
or21 andh(Bi(3))=-3.3+2.++2.:+2.$=1 ifc=22. 
2.3. Let R =Bi(4). Then the ‘worst’ case is as depicted in Fig. 3. (By the ‘worst’ 
case we mean a situation in which all boundary vertices of the block R have as small 
degrees as possible. Because the function (2k - 6)/k is increasing the contribution of 
the boundary vertices of R to the charge h(R) of R is smallest in this case. Therefore, 
in the sequel, we always consider the ‘worst’ cases.) 
We proceed as above. In this case (b,c)= (6,18+),(7,9+) or (8+,8+). Hence 
h(B,(4)) 3 -3 .4+4. (2.4 - 6)/4+4.1+4. $ = 0, h@,(4)) Z -3 .4+4. (2.4 - 6)/4+ 
4.; +4.(2.9-6)/9=0 or /@i(4))&-3.4+4.(2.4-6)/4+8.(2.8-6)/8=0. 
respectively. Note that the value 4. (2.4 - 6)/4 expresses the contribution of the 
vertex of the block to the charge of this block. 
4: 
2.4. Let R =Br(S). The 5-vertex of this block is in the configuration depicted 
Fig. 4. Therefore h(Bi(5))>-3.5 + 5.(2.5 - 6)/5 + 4.(2.6 - 6)/6+6. 5 =O. 
in 






c+ 7+ 7+ 
Fig. 3. Fig. 4. 
36+ 7+ m 3 5 
36+ 6+ 
Fig. 5 
2.5. The cases when R=Bz(d,,d~) or B3(dl,dz,dj) with (dl,dz) and (dl,dz,dJ), re- 
spectively, from the list in Property 6 are analogous to the above and they are left to 
the reader. (Notice that by Property 5(i), the block B3(3,5,3) is not present in G and 
that by Property 5(ii), the block Bs(3,5,4), does not contain any (5,22,21+)-triangle.) 
To provide hints we show here that h(B3(3,4,5)) > 0. In this case the block Bs(3,4,5) 
is as depicted in Fig. 5 . As the component of M(G) has a (3,4)-edge the corre- 
sponding block must have two (3,4,36+)-triangles. This follows from Theorem 4(i). 
A (5,6+,7+)-triangle is present there because of part (xiii) of Theorem 4. Hence 
h(B3(3,4,5)) 
2.3-6 2.4-6 2.5-6 








The second, third and fourth addends are the contributions of the 3-vertex, the 4-vertex 
and the 5-vertex, respectively, to the charge h(R) of the block R = B3(3,4,5). 
2.6. Let R = B(C,), r> 3. By Property 2(iii) no 3-vertex or (4,4)-edge is present in C,. 
Let C, contain p 4-vertices. Then C, consists of 2p (4,5)-edges and r-2p (5,5)-edges. 
This means that the block B(C,) has 4p triangles of type T4 (i.e. (4,5,14+)-triangles), 
2r - 4p triangles of type T6 (i.e. (5,5,8+)-triangles,) and r - p triangles of the type T, 
(i.e. (5, b, c)-triangles, b > 8, c 2 8). Hence the block B(C,.) consists of 3r - p triangles. 
Notice that if A is a major vertex of a face CI of type T4 (or T6) in B(C,) then 
g(A, a)> y (or > $, respectively). It is easy to see that for each (4,5)-edge e of C,. 
there is a major vertex D in B(C,.) incident with a face p of type T7 and adjacent to 
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both endvertices of e such that g(D,fi)a y. Observe that if ei,e2 are distinct (4,5)- 
edges then the associated vertices Di, D2 are also distinct. Now we are able to estimate 
from below the charge h of the block B(C). Namely, we have 
WC,)) > -3 (3r - p) + 4. ; JJ + 5. ; . (r - p) + ; .4p + ; . qr - Zp) 
+~.2p+~.(2r-2p-2p)=;p>fl 
because, in B(C), there are 3r - p triangles, 4p pairs (A 1, al ) where A 1 is a 4-vertex 
with g(Ai,cll) = i, 5(r - p) pairs (A2, c(z), where AZ is a 5-vertex with g(Az,az) = $, 
4p pairs (A3, aj), where A3 is a major vertex of B(C) and a3 is a face of type T4 for 
which g(A3, a3) 2 y; 2r - 4p pairs (Ad, a4), where A4 is a major vertex of B(C,.) and 
a4 is a face of type T6 such that g(A4, a4)> i, 2p pairs (As,a5) with g(A=,,as)> $! and 
2r - 4p pairs (Ae, a6) with g(A6, ah) > i, where A6 is a major vertex of B(C) and a6 
is a face of type T7. It is easy to check that all possible pairs (A, a), where A is a 
vertex and a is a face of B(C,), have been considered. 
2.7. Let R=B,(dl,d2,d,_,,d,) be a block defined by a (dl,d2 ,..., d,_i,d,)-path P 
of M(G), r 84. Then this block begins with the configuration of triangles depicted 
in Fig. 6(dl,d2) and ends with the configuration as in Fig. 6(d,,d,_l). Recall that 
integers at the vertices in figures denote the degrees of these vertices (q+ denotes an 
integer 3q). The degrees of the vertices in the configurations are enforced by edges 
of the r-path P. The presence of a (3,4)-edge (or a (3,5)-edge, a (4,5)-edge) at the 
beginning of P forces two vertices of degree 36+ (or 22+, 14+, respectively). This is 
caused by the Theorem 4(i) (or (ii), (ix)) and appears in Fig. 6(3,4) (or Fig. 6(3,5), 
Fig. 6(4,5), respectively). By Properties 1 and 2 each interior edge of P is either a 
(4,5)-edge or a (5,5)-edge. Analogously to the case 2.6, each (4,5)-edge ((5,5)-edge) 
is incident with two triangles of type T4 (TG, respectively) and each interior 5-vertex 
of P is incident with a triangle of type T,. Each major vertex of any triangle of type 
T4 (T6) is of degree b 14 ( 2 8, respectively) and each major vertex of any triangle 
of type T7 in R is of degree > 14. For every (4,5)-edge e of R there is a major 
vertex D sharing a face a with e and incident with a face /3 of type T7 such that 
g(D 8) = g(D, a) 2 y. 
In the sequel p denotes the number of 4-vertices in R = Br(dl,d2,dr--l, d,). 
2.7.1. Let R= B,(3,4,4,3). Then P has two 3-vertices, p 4-vertices and r - p - 2 
5-vertices, two (3,4)-edges, 2p - 2 (4,5)-edges and r - 2p - 1 (5,5)-edges. This 
means that R has 3r - p - 2 faces, 16 pairs consists of a k-vertex Ao, k 236, and 
a face a0 (A0 is incident with aa) for which g(Ao,ao)>(2.36 - 6)/36= $ (8 at 
the ‘beginning’ and 8 at the ‘end’ of R); 2.3 = 6 pairs (a 3-vertex D,, a face al) 
with g(Dl, al) = (2.3 - 6)/6 = 0 4p pairs (a 4-vertex D2, a face a2) with g(D2, a2) = 
(2.4 - 6)/4= i; 5(r - p - 2) pairs (a 5-vertex D3, a face a3) with g(DJ,aj)= 









(2.5 - 6)/5 = t; 4p - 8 pairs (a (14+)-vertex Dq, a face ~14 of type T4) with 
g(D4,q)a y, 2r - 4p - 2 pairs (a (8+)-vertex Dg, a face CL~ of type Tc) with 
g(D6, u6) 3 i, 2p-4 pairs (a (14+)-vertex D,, a face GI~ of type T7) with g(D7, cc7) 3 7 
and 2(r - p - 4) - (2p - 4) = 2r - 4p - 4 pairs (a @+)-vertex Dg, a face as of type 
T8) with g(Ds,crg)> $. 
The previous considerations and (3) yield 
h(B,(3,4,4,3))b-3.(3r-p-2)+16.:+4p-k 
+ 5(r-p-2). :+(4p-8). 7 + (2r-4p-2). :+(2p-4). y 
+(2r-4p-4).i=+p+$>O. 
We proceed analogously in the other 14 cases. We omit details and give only hints. 
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2.1.2. Let R = B,(3,4,4,5), r # 4. In this case P contains one 3-vertex, p 4-vertices, 
r - p - 1 5-vertices, one (3,4)-edge, 2p - 1 (4,5)-edges and r - 2p - 1 (5,5)-edges. 
This means that the block B,(3,4,4,5) has 3r - p faces and 
+;.(2r-4p-2)+ +(2p-2) 
2.1.3. Let R = B,.(3,4,5,3). In this case P contains two 3-vertices, p 4-vertices, r-p-2 
5-vertices, one (3,4)-edge, one (3,5)-edge, 2p - 1 (4,5)-edges and r - 2p - 2 (5,5)- 
edges. It is easy to check that R has 3r - p - 2 faces and hence 





+i .2(r - 2p - 2) + !+ . (2p - 1 - 1 h 
386 ~.(2(2-p-2-2)-(2p-1-))=3p+-k?r0. 
2.7.4. R = B,( 3,4,5,4). Then P contains one 3-vertex, p 4-vertices, r - p - 1 
one (3,4)-edge, 2p - 1 (4,5)-edges and r - 2p - 1 (5,5)-edges. This means 
3r - p faces; hence 
5-vertices, 
that R has 
2.7.5. R = B,(3,4,5,5). In this case P contains one 3-vertex, p 4-vertices, r - p - 1 
5-vertices, one (3,4)-edge, 2p - 1 (4,5)-edges and r-2p - 1 (5,5)-edges, hence R has 
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3r - p faces and we have 
++!.(2p-l-l)+~.(2.(r-p-1-2)-(2p-1-l)) 
= Gp+G>O. 
2.7.6. R = B,(3,5,4,5). In this case P contains one 3-vertex, p 4-vertices, Y - p - 1 
5-vertices, one (3,5)-edge, 2p (4,5)-edges and Y - 2p - 2 (5,5)-edges, hence R has 
3r - p faces and we have 
2.7.7. R = B,.(3,5,5,3). In this case P contains two 3-vertices, p 4-vertices, r - p - 2 
5-vertices, two (3,5)-edges, 2p (4,5)-edges and r - 2p - 3 (5,5)-edges, hence R has 
3r - p - 2 faces and we have 
2.7.8. R = B,(3,5,5,4). In this case P contains two 3-vertices, p 4-vertices, r - p - 1 
5-vertices, one (3,5)-edge, 2p - 1 (4,5)-edges and r -2p - 1 (5,5)-edges, hence R has 
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2.7.9. R = B,(3,5, $5). In this case P contains one 3-vertex, p 4-vertices, r - p - 1 
$vertices, one (3,5)-edge, 2p (3,4)-edges, r - 2p - 2 (5,5)-edges and hence 3r - p 
faces. So we have 
2.7.10. R = B,(4,5,4,5). In this case the path P contains no 3-vertex, p 4-vertices, 
r - p 5-vertices, 2p - 1 (4,5)-edges and r - 2p (5,5)-edges; hence R has 3r - p + 2 
faces. This yields 
2.7.11. R = B,(4,5,5,4). In this case the path P contains no 3-vertex, p 4-vertices, 
r - p 5-vertices, 2p - 2 (4,5)-edges and r - 2p + 1 (5,5)-edges; hence R consists of 
3r - p + 2 faces. This yields 
h(B,(4,5,5,4)) 2 -3.(3r-p+2)+2,p+4.(r- p)+2 l.2+7.6 
( “1 
+ 7 2 (2p-2-2) 
2.7.12. R = B,(4,5,5,5). In this case the path P contains no 3-vertex, p 
4-vertices, r - p 5-vertices, 2p - 1 (4,5)-edges and r - 2p (5,5)-edges; hence R 
consists of 3r - p + 2 faces. So we have 
+i-(2.(r-p-2)-(2p-l-l))=Gp+k>O. 
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2.7.13. R = B,(5,4,4,5), r # 4. In this case the path P contains no 3-vertex, p 
4-vertices, r - p 5-vertices, 2p (4,5)-edges and Y - 2p - 1 (5,5)-edges. This means 
that R consists of 3r - p + 2 faces; then 
h(B,(5,4,4,5)) 2 -3 . (3r - p + 2) + 2. p + 4. (Y - p) 
+2.(1.2+;.2++.2)++2.2p+;.2.(r-2p-l) 
2.7.14. R = B,(5,4,5,5). In this case the path P contains no 3-vertex, p 4-vertices, 
r - p 5-vertices, 2p (4,5)-edges and r -2p - 1 (5,5)-edges. This means that R consists 
of 3r - p + 2 faces, hence 
++2+1.2+;.3+;.2++2.2p+;.2$-2p-1) 
++2p+;.(2.(r-p-l)-2p)=;p+;>o. 
2.7.15. R =B,.(5,5,5,5). In this case P contains no 3-vertex, p 4-vertices, Y - p 
5-vertices, 2p (4,5)-edges and r - 2p - 1 (5,5)-edges. This means that R consists 
of 3r - p + 2 faces, hence 
h(B,(5,5,5,5)) 2 -3.(3r-p+2)+2.p+4 . (r - p> 
+2.(1.2+$2+i.2)+ ++.2.2p+i.2.(r-2p- 1) 
++.2p+s-(2.(r-p-2)-2p)=Gp+b>O. 
4. Proof of Theorem A--lower bounds 
By placing a pyramid into a face c( of a 3-connected plane graph we mean placing 
a new vertex into the face c1 and joining it to all the vertices incident with ~1. The 
kleetope K(G), see e.g. [5], of a 3-connected plane graph G is defined to be the 
triangulation obtained from G by placing a pyramid into each face of G. Let D20 be 
the graph of the icosahedron and 012 be a graph of the dodecahedron. 
Case C(i) 230. We place the configuration of Fig. 7 into each face of 40, the 
icosahedron (dashed lines indicate the icosahedron edges). We obtain a graph which 
contains only (3,4,30) triangles from the list of Theorem 4, hence C(i)>30. 
Case C(ii) 2 18. To obtain this bound it is sufficient to insert the configuration in 
Fig. 8 into each (5,6,6)-triangle of a kleetope K(D12) of the dodecahedron D12 in 




such a way that the ‘black’ vertex of the configuration is identified with the Svertex 
of this triangle. The graph so obtained has only (3,5,18 )-triangles from the list of our 
theorem. Hence C(ii) > 18. 
Case C(iii) = 20. The graph K(K(&s)) has only (3,6,20)-triangles from the list of 
Theorem 5, which shows that Z(iii) 220. Because of Theorem 4(ii) we immediately 
have the assertion. 
Case C(iv)>7. The dual of the graph in Fig. 9 has only (3,7,7)-triangles and 
(7,7,7)-triangles. 
Cases C(v) = 14 and C(xi) 2 7. In Fig. 10 there is the graph of the rhombicubocta- 
hedron, see e.g. [13]. If we place a pyramid into each 4-face of this graph, we obtain 
a graph H having (4,7,7)-triangles from the list of Theorem 5. The kleetope of this 
graph, K(H), contains only (3,8,14)-triangles from the list of Theorem 4. 
Case C(vi)> 11. To obtain a graph having only (3,9,11)-triangles from the list of 
Theorem 4 we take the kleetope K(T) of a triangulation T with only 5-vertices and 
6-vertices where 5-vertices are at distance at least 3 from each other and delete one 
neighbouring 3-vertex for each lo-vertex of K(T). 
Cases -C(vii) and C(xiii). The kleetope K(Dr2) of the graph of the dodecahedron 
has only (5,6,6)-triangles. This implies C(xiii)= 6. The kleetope K(K(Di2)) has only 
(3,10,12)-triangles and (3,12,12)-triangles. Thus we have c(vii)> 12. 
Fig. 10. Fig. I I 
Fig. 12. 
Case C(viii) = 00. It is easy to see that for every k, k > 3, there is a double k-pyramid 
(two vertices are joined with all the vertices of a k-cycle on the plane) which contains 
only (4,4, k)-triangles. 
Case C(ix) > 10. Fig. 11 provides a graph all faces of which are (4,5,10)-triangles 
and (5,10,10)-triangles (the ten outgoing edges meet at a common lo-vertex). 
Case C(x) 2 10. The dual to the graph of the rhombitruncated icosidodecahedron (i.e. 
the Archimedean (4,6,10)-solid, see e.g. [13]) has all its faces (4,6,10)-triangles. 
Case C(xii) = 7. The graph in Fig. 12 has only (5,5,7)-triangles and (5,7,7)-triangles 
(the seven outgoing edges meet at the single 7-vertex). For a different construction of 
this part see [3]. 
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5. Proof of Theorems 5 and 6 
Theorem 6 is a direct consequence of Theorem 5. Hence, it is sufficient to prove 
Theorem 5. Let H be a counterexample to Theorem 5 on a set V(H) of n vertices and 
having the maximum number of edges among all counterexamples on n vertices. Due 
to Theorem 4 H is not a triangulation and hence H has a k-face, a, k 24. Because 
(3, a)-edges, 3 <a < 10, (4, b)-edges, 4 d b < 7, and (5, c)-edges, 5 dc d 6 are not present 
in H, the face tl is incident with two nonadajacent vertices A,,Az, both of degree 26. 
Inserting a diagonal AIA~ into the face tl we obtain a graph H* having the same vertex 
set V(H) but one edge more than H, a contradiction. 
For other proofs of this result of Kotzig, see e.g. [ 1,6]. 
6. Concluding remarks 
1. We can see that in the cases (iii), (v), (viii), (xii) and (xiii) the assertion of 
Theorem 4 is best possible. For the other cases we believe that the following Conjecture 
is true. 
Conjecture. Let Z(k) denote the upper bound on c in the case (k) of Theorem 4. Then 
C(i) = 30, C(ii) = 18, C(iv) = 14, z(vi) = 12, T(vii) = 12, C(ix) = 10 and C(xi) = 7. 
2. We expect a similar result to be found for triangulations of orientable surfaces. 
For such triangulations a result analogous to Kotzig’s theorem [9] has been found by 
Zaks [14]. Zaks’s result has been extended for arbitrary polyhedral maps on orientable 
surfaces by Ivanco [8]. 
3. Theorem 1 is a specification of Lebesgue’s result [ 1 l] for plane triangulations. In 
fact, Lebesgue’s result [ 1 l] concerns small faces with restricted degrees of their vertices 
in normal plane maps. A stronger (in some sense) result of this type is obtained by 
Horiiak and Jendrol’ [7]. It would be very interesting to find an analogue of Lebesgue’s 
result for polyhedral maps on orientable surfaces. 
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